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Abstract. The van der Waals and Casimir-Polder interaction energy of an
atom with an infinitely thin sphere with finite conductivity is investigated in
the framework of the hydrodynamic approach at finite temperature. This
configuration models the real interaction of an atom with fullerene. The Lifshitz
approach is used to find the free energy. We find the explicit expression for the
free energy and perform the analysis of it for i) high and low temperatures, ii)
large radii of sphere and ii) short separation between an atom and sphere. At
low temperatures the thermal part of the free energy approaches zero as forth
power of the temperature while for high temperatures it is proportional to the
first degree of the temperature. The entropy of this system is positive for small
radii of sphere and it becomes negative at low temperatures and for large radii of
the sphere.
PACS numbers: 73.22.-f, 34.35.+a, 12.20.Ds, 34.20.-b
1. Introduction
Van der Waals dispersion forces plays an important role in different physical, biological
as well as chemical phenomena [1, 2, 3, 4]. These forces arise between objects due to
correlated quantum fluctuations. They depend on the shape of the body and their
structure. The last achievements in Casimir effect and Casimir-Polder interaction have
been discussed in great depth in books and reviews (see, for example recent book [3]).
Of special interest is dispersion forces between microparticles and macroscopic bodies.
In the case of interaction between particle and plate it is commonly referred to as the
Casimir-Polder force [5]. At short range the energy rises as third power of inverse
distance between microparticle and the plate. The retardation of the interaction
should be taken into account at large distances and the interaction energy falls down
as the fourth power of distance. At separations larger than a few micrometers thermal
effects become dominating.
Cavity quantum electrodynamic effects inside a spherical cavity has been
considered in Refs. [6, 7, 8]. The non-retarded van der Waals potential for an atom
inside and outside a metallic bubble was considered in Ref. [9]. The corrections
for proximity force approximation of the Casimir interactions of an object inside
and outside a spherical metal shell were calculated in Ref. [10, 11]. The perfectly
conductive sphere with an atom was investigated in Ref. [12]. In Refs. [13, 14]
‡ e-mail: 7nail7@gmail.com
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the Casimir-Polder interaction between an atom and a magnetodielectric sphere was
considered on the basis of point-scattering techniques. The consideration was related
to results obtained in Ref. [15] for interaction an atom with curved surface and Refs.
[16, 17] for an atom with dielectric sphere. The Casimir and Casimir-Polder energy
were considered in the Refs. [18, 19] in the framework of the plasma (hydrodynamic)
model of the sphere which was developed in the Barton’s papers [20, 21] in the context
of the fullerene molecule C60. The Barton’s approach was based on the Fetter paper
[22] which was devoted to the properties of the two-dimensional free-electron gas.
This model was exploited in Ref. [23] for flat sheet. Complete list of references about
particle in the spherical geometry may be found in reviews [24, 25].
The spherical plasma shell was considered in the framework of this model in
Ref. [18] in context of the Casimir energy and in Ref. [19] for the Casimir-Polder
interaction of an atom with spherical plasma surface. In the context of this model
the conductive sphere is represented by the two-dimensional surface with free-electron
gas on this surface. The dynamic of this gas is described by hydrodynamics. All
information about electron gas is encoded solely by parameter with dimension of wave
number: Ω = 4πne2/mc2, where n is surface density of electron gas, e and m are the
respectively charge and mass of electron. It was shown that the interaction energy
between an atom and the sphere has the form of the Casimir-Polder energy for an
atom and a plate if atom is situated close to the sphere. Away from the sphere the
energy has the form of the atom-atom interaction energy with an expression for the
polarizability of the sphere. The numerical simulations were made for the sphere with
parameters of the fullerene molecule C60 and hydrogen atom.
In the present paper we consider the thermal Casimir-Polder interaction energy
for a system comprising of an atom and conductive sphere. The sphere is described
by the plasma (hydrodynamical) model which was considered in detail in the Refs.
[20, 21] and we use the Lifshitz approach [26, 27] to calculate the free energy of this
system. We outline the Lifshitz approach in the Sec. 2.
The calculations performed in the paper could find a potential application to
interaction microparticles with molecule of fullerene. The Casimir-Polder interaction
of the fullerene molecules C60 and C70 with gold and silicon nitride surfaces was
considered in detail in Ref. [28]. The fullerene molecule is graphene shaped as a sphere
and the more realistic model to calculate the Casimir-Polder interaction between an
atom and a fullerene is the Dirac model. In this model the frequency spectrum
has linear form and it is valid for low energies. Some calculations related with the
Casimir and Casimir-Polder energies were made in the framework of this model in the
Refs. [29, 30, 31]. The frequency spectrum in the hydrodynamic (plasma) model has
quadratic form and the model is high-frequency approximation of the theory. Both
models are in qualitative agreement with respect to the Casimir-Polder interaction.
The calculations performed in the Ref. [31] showed that the Casimir-Polder force
calculated in framework the Dirac model is smaller then for hydrodynamic model.
The paper is organized as follows. In Sec. 2 we discuss the Lifshitz approach and
derive the expression for the free energy and represent it in different forms. Section 3
is devoted to consideration of the specific limit cases. We consider the ideal case with
infinite radius of the sphere but finite distance between the surface and the atom and
obtain the first correction term over inverse radius of the sphere. We obtain also the
low and high temperature expansions and consider the case of the short distance from
the sphere. The expression for the entropy is found in Sec. 4 and it is analyzed in the
limits of small and high temperatures. We show plots of the numerical calculations for
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the system comprised the hydrogen atom and sphere with parameters of the fullerene
C60. In Sec. 5 we discuss the results obtained.
2. Lifshitz approach for an atom near the plasma spherical shell
We adopt here the approach developed by Lifshitz in Refs. [26, 27]. This approach was
applied to calculation the Casimir-Polder interaction energy of an atom and plasma
sphere at zero temperature in Ref. [19]. Let us shortly discuss the approach. We
consider a conductive infinitely thin sphere with radius R inside the vacuum spherical
cavity with radius L = R + d which is into the dielectric media with parameters µ, ε
(see Fig. 1). Due to the spherical symmetry of the problem under consideration the
electromagnetic field may be divided on the two polarizations which usually called
as TE and TM modes. We have two concentric spheres and we should consider the
boundary conditions on the two spherical boundaries. The full information about
the problem is encoded in these boundary conditions. The information about plasma
a
b a
c
III

Figure 1. We adopt the Lifshitz approach. I: a - the plasma sphere of radius R,
b - a spherical cavity of radius L = R+d inside the infinite material with ε, µ 6= 1.
We rarefy the media ε = 1+ 4piNα+O(N2) and obtain configuration II: plasma
sphere with single atom c at the same distance d from the sphere as was cavity’s
surface.
sphere is encoded in single parameter Ω = 4πne2/mc2 with dimension of the wave
number, where e is charge of the electron, m – its mass and n is the surface density
of electrons on the sphere. The applications of this model for vacuum fluctuations of
field see in Refs. [20, 21, 23, 18].
The spectrum of the electromagnetic oscillations, ω = kc, in this configuration
may be found from these boundary conditions (see Ref. [19] for more details):
ΣTE = − i
{
H ′(zε)ΨTE − 1√
ε
H(zε)Ψ
′
TE
}
= 0, (1a)
ΣTM = − iz2
{
H(zε)Ψ
′
TM
− 1√
ε
H ′(zε)ΨTM
}
= 0, (1b)
where
ΨTE(z) = J(z) +
Q
x
J(x)[J(x)Y (z)− J(z)Y (x)], (1c)
ΨTM(z) = J(z) +
Q
x
J ′(x)[J ′(x)Y (z)− J(z)Y ′(x)], (1d)
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and J(x) = xjl(x), Y (x) = xyl(x), H(x) = xh
(1)
l (x) are the Riccati-Bessel functions.
Here x = kR, Q = ΩR and zε = z
√
ε, z = kL = ωL/c.
The free energy, F , of the system is expressed in terms of these frequencies in the
following form [3]:
F = kBT
∞∑
l=1
(2l+ 1)
∞∑
n=1
[
ln
(
2 sinh
~ωTMn,l
2kBT
)
+ ln
(
2 sinh
~ωTEn,l
2kBT
)]
, (2)
where index n numbers the solutions of the boundary condition equations (2). Then
we convert the sum over n to the contour integral
F = kBT
∞∑
l=1
(2l + 1)
1
2πi
∮
γ
ln
(
2 sinh
~ω
2kBT
)
d (lnΣTM + lnΣTE) , (3)
where the contour γ counter-clockwise encloses all real positive solutions of the Eq.
(2). To put the contour to the imaginary axes we should clear up the zero frequency
behaviour of functions Σ. If Q 6= 0 we obtain (ν = l + 1/2)
ΣTE|ω→0 =
(
1 +
Q
2ν
)
ε−
l+1
2 , (4a)
ΣTM|ω→0 = Ql(l+ 1)[(1 + l)(1− ε
2) + a1+2l(l + ε2(l + 1))]
4ν2
χ1−2lε−
l+2
2 , (4b)
where χ = L/R = 1+d/R, Q = ΩR and ε is dielectric permittivity. In the case Q = 0
we have
ΣTE|ω→0 = ε−
l+1
2 , (5a)
ΣTM|ω→0 = − l + ε
2(l + 1)
2ν
ω2χ2ε−
l+2
2 . (5b)
Therefore, no poles appear at the point ω = 0 and we may shift the contour γ to the
imaginary axes.
In the imaginary axes the function under logarithm has zeros at the Matsubara
frequencies
ωn = iξn = i
2πnkBT
~
, n = 0,±1,±2 . . . . (6)
We put the contour to the right of the imaginary axes,
F = kBT
∞∑
l=1
(2l + 1)
1
2πi
∫ ǫ−i∞
ǫ+i∞
ln
(
2 sinh
~ω
2kBT
)
d (lnΣTM + lnΣTE) , (7)
and then take the limit ǫ→ 0. Integrating by part we obtain
F = −kBT
∞∑
l=1
(2l + 1)
1
2πi
∫ ǫ−i∞
ǫ+i∞
~
2kBT
coth
~ω
2kBT
(lnΣTM + lnΣTE) dω. (8)
Then we shift the contour γ to the imaginary axes. We obtain infinite sum of integrals
in the imaginary axes between the Matsubara frequencies and integrals over semi-
spheres around these frequencies. The integrals between ξn and ξn+1 and between
ξ−n and ξ−n−1 cancel each other and we obtain (ν = l + 1/2)
F = kBT
∞∑
l=1
ν
+∞∑
n=−∞
(lnΣTM + lnΣTE)ω=iξ|n| . (9)
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To calculate the free energy per unit atom, Fa, let us rarefy the media with
ε(iω) = 1+ 4πNα(iω)+O(N2), where α is polarizability of the atom and the density
of the dielectric matter N → 0 (see Fig. 1). In this case the free energy, F , is expressed
in terms the energy per unit atom Fa by relation
F = N
∫
∞
d
Fa4π(R+ r)2dr +O(N2). (10)
From this expression it follows that
Fa = − lim
N→0
∂dF
4πN(R+ d)2
. (11)
After straightforward calculations we obtain
Fa = kBT
(R+ d)2
∞∑
l=1
ν
+∞∑
n=−∞
(
kα(iω)
GTE
+
kα(iω)
GTM
)
ω=ξ|n|
, (12)
where
G−1TE = el(z)sl(z)−
Q
x
s2l (x)e
2
l (z)
fTE(ik)
,
G−1TM = −e′l(z)s′l(z)− el(z)sl(z)
ν2 − 14
z2
− Q
x
s′
2
l (x)e
′2
l (z) + s
′2
l (x)e
2
l (z)
ν2− 1
4
z2
fTM (ik)
,
and
sl(x) =
√
πx
2
Il+1/2(x), el(x) =
√
2x
π
Kl+1/2(x) (13)
are the modified Riccatti-Bessel spherical functions.
For renormalization we throw away terms which survive in the limit Q → 0 and
arrive with formula
Fa = − 2kBTΩ
(R + d)2
∞∑
l=1
ν
+∞∑
n=0
′α(iξn)
×
{
s2l (x)e
2
l (z)
fTE(ix)
+
s′l
2(x)e′l
2(z) + s′l
2(x)e2l (z)
ν2− 1
4
z2
fTM (ix)
}
ω=ξn
, (14)
where x = ωR/c and z = ωL/c = ω(R+ d)/c,
fTE(ix) = 1 +
Q
x
sl(x)el(x),
fTM (ix) = 1− Q
x
s′l(x)e
′
l(x),
are the Jost functions on the imaginary axes, and the sum with prime means that
zero term has factor 1/2. The formula (14) has the same form as for zero temperature
case obtained in Ref. [19] but with summation over Matsubara frequencies instead of
integration.
Now we use single-oscillatory approximation for α:
α(iω) =
g2a
ω2 + ω2a
. (15)
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At Matsubara frequencies we have
α(iξn) =
g2a
ω2a
1
ξ2n
ω2a
+ 1
=
α(0)
ξ2n
ω2a
+ 1
. (16)
In the problem under consideration the three different effective temperatures appear
Tω =
~ωa
2πkB
, TR =
~c
2πkBR
, Td =
~c
2πkBd
. (17)
The variables are expressed in the terms of these temperatures by relations
ξn
ωa
=
2πkBTn
~ωa
= n
T
Tω
, (18a)
x =
ξnR
c
=
2πkBTRn
~c
= n
T
TR
, (18b)
z =
ξnL
c
=
2πkBTLn
~c
= n
(
T
TR
+
T
Td
)
. (18c)
Let us estimate these temperatures for molecule C60 and hydrogen atom. For molecule
C60 [20] we have R = 0.342nm and the frequency ωa for hydrogen atom reads
[32, 33, 34] ωa = 11.65eV = 17.698 · 1015Hz. Taking into account these parameters
we obtain Tω = 2.15 · 104K, TR = 1.06 · 106K.
Now we obtain another representation of the formula (14). We rewrite Eq. (14)
in the following form
Fa = −2kBTQα(0)a
2
R3(1 + r)2
∞∑
l=1
ν
+∞∑
n=0
′Fl(n), (19a)
where
Fl(n) =
gl(n)
n2 + a2
, (19b)
gl(n) =
{
s2l (x)e
2
l (z)
fTE(ix)
+
s′l
2
(x)e′l
2
(z) + s′l
2
(x)e2l (z)
ν2− 1
4
z2
fTM (ix)
}
ω=ξn
. (19c)
Here a = Tω/T and r = d/R. The function gl consists of two parts which comes from
TE and TM polarizations of electromagnetic field, correspondingly. Hereafter we will
denote these contributions as gTEl and g
TM
l .
The function gl(n) has no poles in the imaginary axes. Taking into account the
Abel-Plana formula we obtain
+∞∑
n=0
′Fl(n) =
∫
∞
0
gl(t)dt
t2 + a2
+
π
2a
gl(ia) + gl(−ia)
e2πa − 1
− i
2a
∫ ∞
0
(
gl(it)− gl(−it)
e2πt − 1
)′
t
ln
∣∣∣∣a+ ta− t
∣∣∣∣ dt. (20)
In the first term we change integrand variable t = ak/(cωa) and the contribution of
this term is exactly the same as was obtained in Ref. [19] for zero temperature
E0 = − ~c
πR3(1 + r)2
∫ ∞
0
dkα(iω)e0(k), (21)
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where
e0(t) = Q
∞∑
l=1
νgl(t). (22)
The second and third terms give the temperature corrections
FT1 = −
α(0)e1(a)
R3(1 + r)2
~ωa
e2πa − 1 ,
FT2 = −
α(0)~ωa
πR3(1 + r)2
∫
∞
0
(
e2(t)
e2πt − 1
)′
t
ln
∣∣∣∣a+ ta− t
∣∣∣∣ dt
= − α(0)~ωa
πR3(1 + r)2
∫
∞
0
(
e2(at)
e2πat − 1
)′
t
ln
∣∣∣∣1 + t1− t
∣∣∣∣ dt, (23)
where
e1(t) =
1
2
Q
∞∑
l=1
ν [gl(it) + gl(−it)] = ℜe0(it),
e2(t) =
−i
2
Q
∞∑
l=1
ν [gl(it)− gl(−it)] = ℑe0(it).
We note that the functions gl(±ia) and gl(±iat) (also e1(a) and e2(at)) have no
dependence on the temperature. Indeed, at the beginning (2) they depend on n via
x = nT/TR and z = nT/TR(1 + r), only. After applying the Abel-Plana formula
we should replace n → ±ia (or n → ±iat). Therefore, we obtain that x → iqa
and z → iqa(1 + r) and whole dependence on the temperature is accumulated in the
exponential factor the Eq. (23) via the single parameter a = Tω/T .
3. Limit cases
3.1. An atom near the ideal plate: Ω→∞ and R→∞
First of all we have to compare our formulas with well-known case of an atom near
the flat surface. There is a need to take the limit of infinite conductivity Ω → ∞
to obtain ideal surface case and then take the limit of infinite radius of the sphere,
providing finite distance, d, between an atom and the surface. To take limits we use
the expression for free energy in the form of Eq. (14). Taking the limit of infinite
conductivity Ω→∞ we obtain the following expression for the free energy
Fa = − 2kBT
R3χ2
+∞∑
n=0
′α(iξn)
∞∑
l=1
νx
×
{
s2l (x)e
2
l (z)
sl(x)el(x)
− s
′
l
2
(x)e′l
2
(z) + s′l
2
(x)e2l (z)
ν2− 1
4
z2
s′l(x)e
′
l(x)
}
ω=ξn
, (24)
where x = ξnR/c, z = xχ and χ = 1 + r = 1+ d/R.
To obtain expansion over r = d/R≪ 1 we use the uniform Debye expansions for
modified Bessel functions from textbook [35]. Taking into account these expansions
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we obtain
Fa = −2kBT
R3χ3
+∞∑
n=0
′α(iξn)
∞∑
l=1
ν2
t(z)
e−2ν[η(z)−η(x)]
×
{
1 +
1
12ν
(
3[t(x)− t(z)] + [t3(x) − t3(z)] + 6t5(z))+ . . .}
x→ x
ν
,(25)
where t(x) = 1/
√
1 + x2 and η(x) = 1/t(x) + ln x1+1/t(x) . Now we replace summation
over ν = l+1/2 to integration over ν and change the integrand variable ν to k⊥ = ν/R.
We observe that the uniform expansion over 1/ν corresponds to the expansion over
1/R. For this reason, in the second term of expansion we may set z = x up to first
power of 1/R and the expression in braces takes the form 1 + t5(ξn/ck⊥)/2k⊥R. We
expand the exponent in above formula over d/R≪ 1 and obtain
e−2ν[η(z)−η(x)] = e
−2dk⊥
√
1+
ξ2n
c2k2
⊥
{
1 +
d2k⊥
R
t
(
ξn
ck⊥
)
+ . . .
}
. (26)
Taking into account these expansions we obtain the following expansion the free
energy up to R−1:
Fa = −2kBT
+∞∑
n=0
′α(iξn)
∫
∞
0
dk⊥k⊥qne
−2dqn
{
1− 3 d
R
+
k4
⊥
2Rq5n
+
d2k2
⊥
Rqn
}
, (27)
where q2n = k
2
⊥
+ ξ2n/c
2. The first term of this expansion corresponds to the case of an
atom near flat ideal surface and it has the same form as in Ref. [36]. The next terms
give corrections due to finite radius of the sphere.
Let us discuss an error which appears when we replace summation by integration.
The precision of calculations is down to R−1. The second term of expansion over 1/ν
in Eq. (25) gives contribution ∼ R−1 and when we replace summation by integration
the error will be outside the considered precision. Let us consider the first term in Eq.
(25):
∞∑
l=1
ν
√
ν2 + z2e−2ν[η(z)−η(x)]. (28)
To estimate error we use the Abel-Plana formula:
∞∑
l=1
f(ν) = −f(1
2
) +
∫
∞
0
f(ν)dν − i
∫
∞
0
f(it)− f(−it)
e2πt + 1
dt (29)
with f(ν) = ν
√
ν2 + z2e−2ν[η(z)−η(x)]. It is easy to show that the term f(12 ) gives
contribution ∼ R−2 which is outside of the precision and we drop this term. The
domain of the integration in the last term is to be divided for three intervals namely,
0 < t < x, x < t < z = xχ and t > z. Considering each interval separately we obtain
∫ x
0
2t
√
z2 − t2e−2f1
e2πt + 1
dt+
∫ z
x
2t
√
z2 − t2e−2f2 cos(2v2)
e2πt + 1
dt+
∫ ∞
z
2t
√
t2 − z2 sin(2v3)
e2πt + 1
dt,
(30)
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where the functions read
f1(t) =
√
z2 − t2 −
√
x2 − t2 − t
(
arctan
t√
x2 − t2 − arctan
t√
z2 − t2
)
,
f2(t) =
√
z2 − t2 − t arctan
√
z2 − t2
t
,
v2(t) = t ln
t+
√
t2 − x2
x
−
√
t2 − x2,
v3(t) =
√
t2 − z2 −
√
t2 − x2 + t ln
[
z
x
t+
√
t2 − x2
t+
√
t2 − z2
]
.
Now we take the limit R →∞ and expand above integrals over 1/R. The expansion
of the first integral reads: xe−τ/24, where τ = 4πkBdT/~c and x = ξnR/c. Because
of the factor R−3 in the free energy (25) the contribution of this integral is ∼ R−2.
Both rest integrals in (30) give exponentially small contributions ∼ e−2πx. Therefore,
the error which appears when we replace summation to integration is order R−2 and
it is outside the precision under consideration.
3.2. Low temperature expansion
Let us consider now the low temperature expansion: T ≪ Tω, TR, and T ≪ TR+d. The
last relation means that we consider distances r = dR ≪ TRT . The first temperature
correction given by Eq. (23) gives exponentially small contribution, FT1 ∼ e−2πTω/T .
To find expansion of the second temperature correction (23) we take into account that
the function e2(t) depends on the tT/TR and tT/TR(1+ r). Owing to the exponential
factor we have to take into account only small domain of integration t ≪ 1 in the
integral. Let us find the power expansion of the function gl(it) over the t and keep
the main terms.
1. TE contribution. The expansion begins with s5:
eTE2 (t) = −s5Q
Q− 2(3 +Q)χ3
6(3 +Q)2χ2
+ . . . , (31)
where s = tT/TR and χ = 1 + r = 1 + d/R.
2. TM contribution. The expansion begins with s3:
eTM2 (t) = −s3
2
χ4
− s5 15Q+ 72(5 +Q)χ
2 + 40Qχ4 + 88Qχ7
60Qχ6
+ . . . . (32)
This expression holds for T/TR ≪ Q. The case Q = 0 should be considered separately.
We set Q = 0 at the beginning and obtain
eTM2 |Q=0 = Q
{
s3χ
44
45
− s5χ107 + 184χ
2
315
}
Q→0
= 0. (33)
Therefore, the main contribution for the case of the finite conductivity, Q > 0,
comes from TM mode and it reads
FT2 =
2α(0)~ωa
πχ6R3
T 3
T 3R
∫ ∞
0
(
t3
e2πt − 1
)′
t
ln
∣∣∣∣a+ ta− t
∣∣∣∣ dt. (34)
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Because of a = Tω/T ≫ 1 we expand logarithm over t≪ a and obtain∫ ∞
0
(
t3
e2πt − 1
)′
t
ln
∣∣∣∣a+ ta− t
∣∣∣∣ dt =
∫ ∞
0
(
t3
e2πt − 1
)′
t
2t
a
dt = − 1
120a
. (35)
Therefore,
FT2 = −
~cα(0)
60πR4(1 + r)6
T 4
T 4R
= −4π
3
15
α(0)
(1 + r)6
(kBT )
4
(~c)3
, (36)
and
Fa = ECP
{
SΩ + ST
(
T
TR
)4}
, (37)
where
ST = 2r
4
45(1 + r)6
, (38)
and ECP = −3~cα(0)/8πd4 is the Casimir-Polder energy. The plots of SΩ and ST are
shown in the Fig. 2 for the case of the molecule C60 and hydrogen atom.
0 2 4 6 8
r=
d
R
0.000
0.001
0.002
0.003
0.004
0.005
S
SΩ
ST
Figure 2. The plot of the functions SΩ and ST from Eq. (37) calculated for
molecule C60 and hydrogen atom. The function SΩ is the zero temperature
contribution and depends on the parameters of the sphere and the atom. The
function ST is universal and depends on distance r, only.
3.3. High temperature expansion
In this case it is better to use Eq. (14):
Fa = − 2kBTΩ
(R + d)2
∞∑
l=1
ν
+∞∑
n=0
′α(iξn)
×
{
s2l (x)e
2
l (z)
fTE(ix)
+
s′l
2
(x)e′l
2
(z) + s′l
2
(x)e2l (z)
ν2− 1
4
z2
fTM (ix)
}
ω=ξn
, (39)
where x = kR and z = kL = k(R+ d), and sum with prime means that zero term has
factor 1/2.
At high temperatures the Matsubara frequencies ξn ∼ nT → ∞ for n > 0 and
these terms in sum over n give exponentially small contribution ∼ e−2ξnr. The main
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contribution comes from zero mode, n = 0, and it maybe calculated in manifest form.
Indeed, taking the limit n→ 0 in above expression we obtain the following contribution
Fa = −kBTα(0)
χ2R3
∞∑
l=1
ν(l + 1)
χ2(l+1)
= −kBTα(0)6r
4 + 24r3 + 33r2 + 18r + 4
2r3(r + 1)4(r + 2)3R3
, (40)
where χ = 1 + d/R and r = d/R. We have the following asymptotic for short and
large separations between an atom and the sphere
Fa = − kBTα(0)
4d3
,
d
R
≪ 1,
Fa = − 3kBTα(0)R
3
d6
,
d
R
≫ 1.
Extracting the Casimir-Polder energy we obtain
Fa = ECPST T
TR
, (41)
where
ST = 2r(6r
4 + 24r3 + 33r2 + 18r + 4)
3(r + 1)4(r + 2)3
, (42)
3.4. Short distance behaviour, r = dR ≪ 1.
Let us consider Eq. (23). In the limit r → 0 the series is divergent for great l. For
this reason we use standard formulas (9.3.1) from Ref. [35]:
Jν(z) ≈ 1√
2πν
( ez
2ν
)ν
, (43a)
Yν(z) ≈ − 2√
2πν
( ez
2ν
)−ν
, (43b)
which are fulfil for ν → ∞. Taking into account these formulas in the expression for
gl(ia) we obtain
ν
{
gTMl (ia) + g
TM
l (−ia)
} ≈ 8ν4χ−1−2ν
(4ν2 − 1)Q− 8νq2a
≈
{
+ 2ν
2χ−1−2ν
Q , Q > 0, r < Q
− ν3χ−1−2νq2 , Q = 0, r < q2a
for TM contribution, and
ν
{
gTEl (ia) + g
TE
l (−ia)
} ≈ −q2aχ1−2ν
2ν +Q
≈
{
− q2aχ1−2ν2ν , Q ≥ 0
− q2aχ1−2νQ , Q→∞,
(44)
for TE contribution. We make summation for finite Q > 0 and r < Q and obtain
eTM1 (a) ≈
1− 2χ2 + 9χ4
4χ2(χ2 − 1)3 ≈
1
4r3
, (45a)
eTE1 (a) ≈
Qq2a
2
(1− χ arctanh 1
χ
) ≈ Q
4
q2a ln r. (45b)
For the case of the ideal surface, Q→∞, the TM contribution will be the same, but
contribution of TE mode changes from logarithm to first inverse power
eTE1 (a) ≈
q2a
4(1− χ2) ≈ −
q2a
8r
. (45c)
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Therefore, for short distances d ≪ R and finite conductivity Q > 0 (or Q→ ∞)
the main contribution comes from TM polarization and it reads
FT1 ≈ −
α(0)
4d3
~ωa
e
~ωa
kBT − 1
. (46)
If Q = 0 we have
eTM1 (a) ≈
1− 5χ2 − 17χ4 − 27χ6
8q2aχ
2(χ2 − 1)4 ≈ −
3
8q2ar
4
, (47)
and therefore for Q→ 0 we obtain
FT1 ≈
3Qα(0)R
16q2ad
4
~ωa
e
~ωa
kBT − 1
→ 0 (48)
as should be the case.
Let us consider Eq. (23). By using the same asymptotic as above we observe that
the series over l in function e2(at) is convergent for any r including r = 0. Indeed, in
the limit l→∞ we have
− iν {gTEl (iat)− gTEl (−iat)} ≈ q2aχt22ν
(
etqa
2ν
)2ν
, (49)
−iν {gTMl (iat)− gTMl (−iat)} ≈ − ν2Qχ
(
etqa
2νχ
)2ν
. (50)
Therefore the series is convergent as l−l even for r = 0 (χ = 1) and this term gives
finite contribution and we may threw away it comparing with terms considered above.
The term with zero temperature contribution (21) maybe considered in the same
way. In the limit r → 0 the series is divergent for large l. For this reason we use the
Debye uniform expansion formulas from Ref. [35] in which we change z → z/ν and
make the limit ν →∞:
Iν(z) ≈ 1√
2πν
( ez
2ν
)ν
, (51a)
Kν(z) ≈ π√
2πν
( ez
2ν
)−ν
. (51b)
Taking into account these formulas in the expression for gl(k) we obtain
νgl(k) ≈ ν
3χ−1−2ν
νQ+ 2(kR)2
. (52)
Now we integrate over k with factor Q in Eq. (21)
Q
∫
∞
0
dk
k2 + k2a
1
νQ+ 2(kR)2
=
π
2ka
√
Q√
Qν +
√
2νqa
, (53)
and obtain series
∞∑
l=1
π
2ka
√
Qν3χ−1−2ν√
Qν +
√
2νqa
, (54)
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in which we take limit of short distances, χ = 1 + r → 1. If Q 6= 0 we obtain
∞∑
l=1
π
2ka
ν2χ−1−2ν =
π
8ka
1− 2χ2 + 9χ4
χ2(χ2 − 1)3 ≈
π
8kar3
. (55)
Therefore, we arrive with expression
E0 = −~ωaα(0)
8d3
, (56)
which is valid for r = d/R≪ Q = ΩR. In the case of Q = 0 we obtain from Eq. (54)
that E0 = 0.
Therefore, for Q > 0 and r = d/R≪ Q we obtain free energy
Fa = −α(0)
4d3
{
~ωa
2
+
~ωa
e
~ωa
kBT − 1
}
. (57)
This expression is in agreement with high and low temperature expansions.
Indeed, taking the corresponding limits in (57) we obtain
Fa = − kBTα(0)
4d3
, T →∞, (58a)
Fa = − ~ωaα(0)
8d3
, T → 0, (58b)
which coincides with Eqs. (41) and (37).
4. The entropy
Taking the minus derivative with respect to the temperature (with kB) from the free
energy given by Eqs. (23) we obtain expression for entropy S = S1 + S2 (a = Tω/T ):
S1 =
α(0)
R3
e1(a)
(1 + r)2
( πa
sinhπa
)2
, (59a)
S2 =
α(0)
R3
1
π(1 + r)2
∫ ∞
0
{te′2 + e2(1− 2πat cothπat)} ln
∣∣∣∣1 + t1− t
∣∣∣∣ ( πasinhπa
)2
dt. (59b)
The entropy at low and high temperatures maybe found from Eqs. (36) and (40)
namely,
S =
16π3
15
α(0)
(1 + r)6
(
kBT
~c
)3
=
2
15
α(0)k3a
(1 + r)6
(
T
Tω
)3
, T ≪ TR, Tω, TR+d, (60a)
S =
α(0)
R3
6r4 + 24r3 + 33r2 + 18r + 4
2r3(r + 1)4(r + 2)3
, T ≫ TR, Tω, TR+d. (60b)
The typical behaviour of the entropy is shown in the Fig. 3 for sphere with
parameters of the fullerene C60 and hydrogen atom with distance between them
d = R/2, (r = 0.5). For this situation we have the following numbers: R =
3.42A˚, Q = ΩR = 4.94 · 10−2, α(0) = 0.667A˚3, qa = ωaR/c = 0.0202.
From the Fig. 3 we observe that the Casimir-Polder entropy tends to zero as third
power of the temperature and it is zero at zero temperature according the Nernst heat
theorem. It is positive for arbitrary temperatures. In Ref. [36] was observed the
negative sign of the entropy for short separations, r→ 0, and low temperatures in the
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Figure 3. The plot of the entropy S calculated for the hydrogen atom and
the sphere with parameters of the fullerene C60 and distance from fullerene
d = R/2 (r = 0.5). The entropy for large interval of temperature is shown in Fig.
a). In Fig. b) we show the entropy for low temperature. The exact numerical
calculation is upper curve and lower curve is approximate expression (60b).
case of the atom with plate. We note that the low temperature dependence given by
Eq. (60a) is valid for T ≪ TR = ~c/2πkBR. To compare with the case of atom near
the flat boundary considered in Ref. [36] we should take the limit R→∞ and in this
case the relation T ≪ TR = ~c/2πkBR no longer be valid.
To show appearance the positive entropy for finite radius of sphere and negative
sign of entropy for infinite radius of sphere we use expansion over 1/R obtained above
(27). For the case of static polarizability, α(iω) = α(0), we obtain from Eq. (27)
Fa = ECP
(
η0 +
d
R
η1
)
, (61)
where
η0 =
τ
6
{
1 +
2
eτ − 1 +
2τeτ
(eτ − 1)2 +
τ2eτ (eτ + 1)
(eτ − 1)3
}
,
η1 = −τ
6
{
1 +
2
eτ − 1 +
2τeτ
(eτ − 1)2 +
3τ2eτ (eτ + 1)
2(eτ − 1)3 +
τ3eτ (e2τ + 4eτ + 1)
2(eτ − 1)4
}
+
τ5
16
∫
∞
τ/2
dt
t
cosh t
sinh5 t
+
τ3(τ2 − 4)
48
∫
∞
τ/2
dt
t
cosh t
sinh3 t
,
and τ = 2T/Td = 4πkBdT/~c. The function η0 was found in Ref. [36], the function
η1 gives the correction due to finite radius of sphere. Now we use these expressions to
calculate the entropy. Taking the minus derivative with respect to the kBT we obtain
the following expression for entropy
S =
3α(0)
2d3
σ, (62)
where σ = η′0,τ + rη
′
1,τ . The numerical calculations of the entropy for large R by
using formula (61) for different values of r = d/R = 0, 0.05, 0.1 are shown in the Fig.
4. Numerically we found that for r = d/R > 0.085 the entropy becomes completely
positive.
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Figure 4. The plot of the function σ calculated for different values of r =
d/R = 0, 0.05, 0.1. The plot a) shows the function for large domain of
τ = 4pikBdT/~c. In Fig. b) we show the function σ close to the origin. Starting
with r = d/R = 0.085 the entropy becomes completely positive.
5. Conclusion
In above sections we considered in detail the thermal Casimir-Polder interaction of
an atom with spherical conductive surface which models fullerene. For sphere we
use plasma (hydrodynamic) model [20, 21]: the sphere is two-dimensional conductive
surface with finite conductivity. All information about sphere is encoded in one
parameter Ω = 4πne2/mc2 with dimension of wave number. To obtain the free energy
we adopt the Lifshitz approach in framework of which the spherical shell is situated
inside the spherical cavity into the infinite dielectric media. Rarefying this media we
obtain the free energy per unit atom. Renormalization procedure is simple – we throw
away all terms which survive in the limit Ω → 0 because this case corresponds to
the case without sphere and the energy should be zero. The opposite case Ω → ∞
corresponds to the ideal case. The general expression for the free energy is given by
Eq. (14) or Eq. (23).
We made analysis of this expression for different cases. In the limit of infinite
radius, R, of the sphere with finite distance, d, between an atom and sphere we obtain
the expected expression for the energy for the case of the atom close to the plate. We
also found the next term of expansion ∼ d/R. In the problem under consideration we
have three different parameters with dimension of the temperature:
Tω =
~ωa
2πkB
, TR =
~c
2πkBR
, Td =
~c
2πkBd
. (63)
Each temperature connects with specific scale namely, first connects with scale of atom,
the second – with scale of sphere and the third connects with distance between an
atom and the sphere. For molecule of fullerene C60 we have Tω = 2.15 · 104K, TR =
1.06 · 106K. For low temperatures, T ≪ Tω, TR, Td we obtain (see Eq. (37)) that
the free energy has temperature correction proportional to the forth power of the
temperature ∼ T 4. The high temperature expansion, T ≫ Tω, TR, Td given by Eq.
(40) reveals the first power of the temperature. Nearby to the sphere the energy has
the form given by Eq. (57). It has the form of the sum the zero temperature term
and the Plank form temperature correction.
The entropy of this system shows interesting behaviour (see Fig. 3). The entropy
is positive for any distance between atom and sphere of small radius. It tends to zero
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for low temperatures according to the Nernst heat theorem and it tends to constant for
high temperatures. It has been shown in the Ref. [36] that the entropy is negative for
short distances between an atom and the flat boundary. To reveal the sign changing we
found expansion of the entropy over d/R up to the fist power of d/R. The analytical
and numerical analysis shows that the entropy indeed has the region of the negative
sign for large radii of the sphere and becomes completely positive beginning with some
definite value of the d/R (see Fig. 4).
As noted above in Introduction the hydrodynamical (plasma) approach has
limited applications and the more realistic model to describe the interaction between
an atom with fullerene is the Dirac model. It is based on the 2 + 1 dimensional Dirac
equation with very small parameter of the mass and the Fermi velocity instead of the
velocity of light. The future aim of our consideration is the Casimir-Polder interaction
in the framework of the Dirac model.
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